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The behaviour of a binary mixture of a vapour and an inert gas around the spherical
condensed-phase droplet is studied analytically using kinetic theory. By the singular-
perturbation method, the linearized Boltzmann equation of B-G—K type is first solved
for problems with spherical symmetry under the diffusive boundary condition when
the Knudsen number of the problem is small. The macroscopic equations and the
appropriate boundary conditions in the form of the temperature and partial-pressure
jumps on the interface between the droplet and the gas phase, which enable us to
treat the problems at the level of ordinary fluid dynamics, are derived together
with the Knudsen-layer structure formed near the interface. Then the velocity,
temperature and pressure fields around the droplet are explicitly obtained, as well
as the mass, heat and energy flows from it. The results obtained are capable of
describing the transition from the diffusion-control to the kinetic-control mechanism
in the mass-transfer process. The negative-temperature-gradient phenomenon, a
common phenomenon for pure-vapour cases (absence of inert gas), is also possible,
manifesting itself more easily as the kinetic-control mechanism becomes prevalent
and the critical condition for its existence is given. The present analysis could be
applied to other problems with spherical symmetry as well.

1. Introduction

Evaporation and condensation processes occurring at the interface between a
condensed phase and its vapour, regardless of whether or not an inert gas exists,
involve a non-equilibrium region of the dimension of the molecular mean free path
adjacent to the interface. Within this region, collisions between molecules are scarce,
and the behaviour of the vapour may be considered to deviate significantly from that
predicted or predictable by continuum theory under empirical adhesive (no-slip and
jump) boundary conditions at the interface. In the absence of inert gas, a typical
behaviour found by kinetic-theory analysis is that even in the continuum limit the
temperature and pressure of a vapour at the interface are different from the
temperature of the interface and the corresponding saturated-vapour pressure;
actually they take larger or smaller values than the corresponding ones associated
with the interface, depending upon whether a condensation or evaporation process
is taking place (Pao 1971a, b; Siewert & Thomas 1973; Sone & Onishi 1973, 1978).
These jumps are related uniquely to the rate of evaporation or condensation at the
interface, providing the appropriate boundary conditions for the treatment of
problems at the fluid-dynamics level. These jumps are also responsible for the
existence of the negative-temperature-gradient phenomenon first noted by Pao
(1971 a) and later studied by various authors analytically (Thomas, Chang & Siewert,
1974; Onishi 1977 ; Sone & Onishi 1978) and numerically (Matsushita 1976). The mass
transfer in this case may be said to be controlled by the kinetic effect. The situation
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may, however, be quite different when an inert gas is present. For systems with small
Knudsen numbers (molecular mean free path divided by the characteristic length),
evaporation and condensation of the vapour will be affected by the molecular
collisions between the component gases. Especially when the concentration of the
inert gas is small, the inert gas molecules may be driven toward the condensing surface
and away from the evaporating surface by the collisions with molecules of the vapour,
forming a fairly large partial-pressure gradient, and consequently hindering the
vapour mass flow. As the concentration increases, this hindrance effect due to the
collisions may become large and eventually the vapour mass transfer against this
effect will depend on its ability to diffuse through the inert gas or the diffusion
coefficient of the mixture, which is a small quantity of the order of the Knudsen
number of the system. The mass transfer, therefore, would be very small in this
diffusion-control case, compared with that by the kinetic effect.

The estimation of the effect of incert gas on the mass transfer from a droplet of a
vapour is of basic importance not only from the theoretical standpoint but also in
various technological applications having a close relation to dehydration, combustion,
dust removal, etc. (see Fuchs 1959). The present study is concerned mainly with this.
Now consider the following steady problem: a spherical condensed-phase droplet of
radius L is placed in an infinite expanse of a binary mixture of a vapour and an inert
gas, say gas A and gas B respectively. At a great distance from the droplet, the
temperature is 7', and the partial pressures are P4 and P respectively. The droplet
is kept at a constant temperature Ty, at which the saturated-vapour number density
is N4, and its pressure is P{;, where P4, = N{, kT\y, k being the Boltzmann constant.
It should be noted that the stipulation that the droplet’s temperature is held constant
and that the problem is steady is not unrealistic but is a good approximation to real
physical systems in which weak evaporation or condensation is taking place around
relatively large droplets (this is within the limits of the present analysis).

This problem was studied first by Maxwell in 1877 (see his scientific papers 1965)
within the framework of continuum theory. Fuchs (1959) discusses the details of this
theory and its extensions, citing various related references. The main defect of the
continuum theory lies in the fact that it cannot describe at all the transition of mass
transfer from diffusion control to kinetic control as the concentration of inert gas
becomes smaller. The cause of this defect stems from the empirical (not kinetic-
theory-based) boundary conditions taken at the interface of the droplet, which are
not dependent on the concentration. The appropriate boundary conditions based on
kinetic theory, however, are strongly dependent upon this concentration, and this
dependence is crucial in describing the transition from diffusion-control to kinetic-
control mass transfer (see §§4 and 6). A kinetic-theory approach, therefore, is needed
for the proper description of the behaviour of component gases. Sampson & Springer
(1969) treated the problem for the case PE > PA by the application of Lees’ moment
method (Lees 1959; Lees & Liu 1962) to the Boltzmann equation, and obtained the
mass flux, which becomes exactly coincident with Maxwell’s result (see Fuchs 1959;
Davies 1978) in the continuum limit. Shankar (1970) also studied the same problem
based on the same method but for all concentrations, and obtained an expression for
the mass flux which seems to describe fairly correctly the qualitative aspect of the
transition from diffusion-control to kinetic-control mass transfer. His expression in
the limit to continuum reduces to that of Maxwell with a correction factor
(P4 + PB)/P2 due to the mass motion when diffusion control is prevailing, and the
present analysis confirms this (see §6). There are, however, at least two drawbacks
to the above work: one is that although the moment method may be quite effective
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in obtaining the gross quantities, e.g. the mass and heat transfers, it may fail to give
accurately the local behaviour of the mixture and its component gases especially for
small-Knudsen-number cases (the local behaviour is not given explicitly in the above
work); the second is that the above authors assumed a priori that the temperatures
of the component gases are the same at any point in the field, which is not valid within
the Knudsen layer (see §4) and may affect the proper values of the temperature and
partial-pressure jumps of the component gases and hence the mass and heat trans-
fers. A more rigorous analysis is therefore required for this problem and for its
understanding.

To carry out the present analysis, the following assumptions are made: (i) the
behaviour of each component gasisgoverned by the Boltzmann equation of the B-G-K
type proposed by Hamel (1965) (governing equation); (ii) gas molecules leaving the
interface (of the condensed phase) have a Maxwellian velocity distribution charac-
terized by its temperature 7y, and velocity (zero here), the number density of gas A
N%; being given as the saturated-vapour number density at that temperature T,
while that of gas B NB, is determined by the condition of no net mass flow across
the interface (kinetic boundary condition); (iii) at least one of the component gases
is dense, and hence the mean free path of that component is small compared with
the characteristic length of the problem, e.g. L (i.e. the Knudsen number K < 1);
and (iv) the deviation e of the system from a stationary equilibrium reference state
is small, and the governing Boltzmann equation and its kinetic boundary condition
can be linearized about the reference state (i.e. €? is neglected compared with K¥
for any positive integer N). Since the analysis in the Knudsen layer is the most
difficult and laborious part and furthermore has a universal nature, to some extent,
regardless of the problems, it may be worthwhile to give the analysis in as general
terms as possible so that it may be applicable to various other problems of spherical
symmetry (applicable also to problems of axial symmetry with slight modification),
and then proceed to the present concrete problem of the spherical droplet. By assum-
ing that the concentration of inert gas has a moderate or large value, the actual
analysis has been worked out to the second order of the Knudsen number in its
expansion form, where the effect of curvature of the boundary first enters in the
macroscopic jump conditions. As the concentration becomes smaller than a certain
threshold value (see §6), however, the smallness of the concentration shifts some of
the terms in the expansion to lower order (e.g. from the third order of the Knudsen
number, which is neglected here, to its second order, and from second order to first
order, etc.), invalidating the whole analysis. By reconsidering the expansion, or
equivalently by reverting to the original unexpanded quantities, we could allow
for this shifting in the analysis, obtaining a final result whose validity changes
consistently from the second order of the Knudsen number to its first order as the
concentration decreases and becomes eventually smaller than the threshold value.

2. Kinetic equations and the boundary conditions

For problems with spherical symmetry, the linearized version of the Boltzmann
equation of B-G—K type (Hamel 1965) in the spherical coordinate system may be
written for steady states as follows:

ED[GP] = — P+ 426, vA 4 (B 1) T4+ 2 T [£0B — oY)
12

+uaE =P P-4, (2.1)
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where (L7, 8, ¢) is the spherical coordinate system with its origin at the centre of the
droplet, 2 the Boltzmann differential operator in this coordinate system (Kogan
1969), N2Q2R, T, tE(1+g¢*) and NB(2R, T, E(1+¢P) the molecular—velocity—
distribution functions of gas A and gas B respectively, (2R, Ty} (£,, & £,) the
molecular-velocity vector, (2R, Ty ) v® the r-component of the mean ﬂow velomty Vs,
N5(1+7%) the number density NS Ty(1+75) the temperature TS, PS(1+p%) the
partial pressure P5(= N®kT®), m, and my the molecular masses of gas A and gas B
respectively, and R, the gas constant per unit mass of gas A. S appearing as
superseript refers to A or B. Here L, T}, N5 and P§ (= N5 kT,) are taken, respectively,
as a reference length, a reference temperature, a reference number density and a
reference pressure of the problem. N3 «,, and NP, represent respectively the
number of collisions per unit time of a gas-A molecule with the other gas-A molecules
and with gas-B molecules at the reference state, and thus N§ k, 4+ Ngk,p is the
average collision frequency for a gas-A molecule irrespective of its collision
partners, being related to the mean free path !4 of gas-A molecules by
1A = (8R, T,/n)t/ (N kpa+ Ny kap). It therefore follows that k in (2.7) is equal
to k= (nt) K, K (=1A/L) being the Knudsen number at the reference state.
Similarly, since N2«,p+ NSkgg is related to the mean free path I of gas-B
molecules, we know that a = IA/IB. k, ., kgp and «,g(= Kkg,), Which are assumed to
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be constant, are associated with the transport coefficients of the mixture and of its
component gases (Hamel 1965):

M _ PA PB 77A a2277B
T NAkaa+DNBkap Nikyp+NBrgp 1'*‘“12 Qg tay,’

7

2.8
m, +mg kT (2:8)

D
AB ™ mp mg(Na2+N2)kpp'

where 9™ and D,y are respectively the viscosity and diffusion coefficients of the
mixture at the reference state, 7* and 7B being the viscosities of the component gases,
defined by #* = P2/(N&«k,,) and 3B = PB/(NB«kgg) (see e.g. Vincenti & Kruger
1965).

The kinetic boundary conditions for ¢* and ¢ on the interface (at r = 1) are given
in the linearized form as

Pt =g =+ (€ )‘rw, = p+(§2— )-rw, for £, > 0, (2.9)
o® =g} =nB+(ME—Y1yw, =%+ (ME—) 1y, forf, >0, (2.10)

where 7y = (Tyw—1T,)/T, is the perturbed temperature of the interface from the
reference state, n%; = (N3 — N5)/N5 and p$y = (P§ —P5)/PS are respectively the
perturbed number density and pressure of the molecules of gas S leaving the surface
after the interaction with it, and p§y = n$; + 7 since P§, = N5, k7 holds. n4; (or p4;)
is a unique function of 7y, and its explicit functlonal form is obtained from the
Clapeyron—Clausius relation (see e.g. Landau & Lifshitz 1969), while 28 (or p%) is
as yet an unknown constant, to be determined as part of the solution from the
no-net-mass-flow condition at the interface (at » = 1), i.e

B = _[g,wBE' dé=0 or nd = —gfw—2(nM)éj EoPEde. (2.11)
‘ <0
If N2 (or PJ)is chosen so as to be the saturated-vapour number density (or pressure)
corresponding to T, we then have

ny = (y—1) 1w or Py = 77w, (2.12)
where y = h; /(R, T,), h; being the latent heat of vapourization per unit mass of
gas A (e.g. Onishi 1977).

Multlplymg (2.1) by E, £, E, and (£2—32) £ and integrating the resultant equations
over the whole molecular -velocity space we obtain the important and useful
equations, known as transport equations, for gas A. In a similar manner, the
corresponding equations for gas B are also obtained. They are:

1d

33 —(r20A) =0, (2.13a)
1 a,
1
7§<r2I§,(§2 (PAE d§> 3/‘A/‘B1+a (rB—14), (2.13¢)
%dir(,sz) —o, 2.144)
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A direct consequence of (2.14a) and the condition (2.11) is that
vB(ry=0. (2.15)

It may be preferable, and more natural for the description of the behaviour of the
gas phase, to use the fluid-dynamic quantities associated with the mixture, the
perturbed quantities of which are obtained from the relations

A A B, B A A4 NB,B
my N} v +mg Ngw n_Non +Nyn

12 ( TA —7B). (2.14c)
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Po> ’ B N, , (2.16)
=N(‘,‘7A+N(1,3TB p=N{,‘pA+NOBpB ’
N, ’ N, ’

where (2R, T)tv, Ny(1+n), T,(1+7) and Py(1+ p) are respectively the mean mass-flow
velocity, the number density, the temperature and the pressure of the mixture, and
po=my NA+mg NB, Ny= N+ NP and P, = P} + Pg.

3. Derivation of macroscopic equations

Equations (2.1) and (2.2) involve two lengthscales L and !4 over which the solution
may change. First we shall be concerned with the solution which varies over a length
of the order of L, i.e. o¢P/0r ~ O(¢®). We call this part of solution the fluid-dynamic
part or the Hilbert part (with suffix H attached), and try to find it in an expansion

form in k: )
@ = ¢ = ¢y + kgl + K2R+ (3.1)

Substituting the expansion into the original equations, with (2.15) being taken into
account, and equating like powers of k, we obtain for m = 0

(pIAI _nA +2§rva+(g2 g)T?Im
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+ 2ptp B [ ME, i+ i (ME— =T~ 2 Sl (33)
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where n%,,, v3,, and 75, are defined by (2.3) and (2.4) with ¢® = ¢¥,,, with the
understanding that any quantity fy, for » <0 becomes identically zero. Direct
substitution of (3.2) and (3.3) into the transport equations (2.13) and (2.14) with ¢°
replaced by ¢#;,, leads us to the followmg set of equations to be satisfied by the
fluid-dynamic quantities p§;,, i, and 75, (with m > 0),

1d dpd a
3 (") =0, v4,=0, Z()l}:'" = _2'uBl+—l; Y ma1s (3.4a, b, ¢)
12

a(aﬂlp%m-*_alzp%m) =0, 2ar
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which holds at least up to m = 2. Taking into account (3.4), we can now have the
explicit expressions for ¢f and ¢ from (3.2) and (3.3). For example, for ¢fy,,
At s o}

@Im = n}AIm + 2gr ﬁ?Im + (€2 —%) TII-\Im _gr(g2__g) T_ (3§£ —£?) d_;n—l

A
L1978ms (= 0,1,2). (3.5)

2 __ 2 2__35
+(E—38) (-,
Comparing (3.5) and the corresponding expression for @B, with (2.9) and (2.10),
respectively we find that g, can satisfy the boundary condition if p§;, and 7§, are
set equal to the corresponding boundary data on the interface (r = 1), i.e.

Phio = PWor  Tho = Twor  Pho = Piwos (3.6a, b, c)

where p3y, and 7., are respectively the first terms in the following expansions of p$
and 7+,

P = Dot kpvi H B2 PSa+ .o, Tw = Ty HkTw + BTy, + 3.7

Conditions (3.6a) and (3.6b) now provide the boundary conditions for the system of
equations (3.4) with m = 0 (continuum limit) at the interface. It may be noted,
however, that (3.6¢) does not specify the value for p&, at r = 1, but does determine
P%o when the value of p&, has been known at r = 1, since p%, is to be determined
as part of the solution from (2.11) (no-net-mass-flow condition). It is clear, however,
that ¢f;,, with m > 1 cannot satisfy the boundary condition, and this situation is
ascribed to the singular character of (2.1) and (2.2) for small values of k. Therefore,
we need to reconsider the behaviour of the component gases in the close vicinity of
the interface, and seek the solution satisfying the given boundary value at the
interface and merging eventually into the one given by the fluid-dynamic part just
discussed above (e.g. Sone 1969, 1971 ; Sone & Onishi 1978). This change of behaviour
may be expected to occur over a small distance, of the order of the molecular mean
free path, and hence is called rapidly changing behaviour (in contrast to the moderate
one of the fluid-dynamic part). A small region where such behaviour occurs is called
the Knudsen layer, the details of which will be discussed in the next section as a form
of correction to the fluid-dynamic part.

Before proceeding to the Knudsen-layer analysis, we must examine the expansion
of the solution in k. So far we have tacitly assumed that the concentration ratio
NB/NA be of order unity. However, when it becomes small or large compared with
0O(1), it may shift down or shift up terms of the expansion at a certain order of k to
lower or higher order [because a,, ~ O(NB/N{), a,; ~ O(1)], which leads to complete
destruction of the present expansion. Actually when NP/N2 ~ O(k), dpQ,,/dr must
balance v§},,, not v, as in (3.4¢) (v, becomes no longer zero). The solution in this
case must be expanded in terms of two parameters, ¥ and N&/ N2, or in terms of k
with the magnitude of N2/ N2 relative to k being fully taken into account. However,
in view of the fact that the original equations are linear and homogeneous, we do
not have to re-expand the solution in the two parameters but have only to revert
to the original unexpanded quantities. This is done by multiplying (3.4a), (3.4d) and
(3.4¢) by k™ and (3.4¢) by k™*! respectively, and then summing with respect to m.
As a result of this, we obtain the following final set of macroscopic equations

1d/ , dpg 1 d/ dra

e EH) e tH) o

r’dr<r dr) 0 dr(r dr) 0 (3-8a, b)
A

Py = const., v = —k—l +a, dpiy (3.8¢, d)

2upa,, dr’
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and P = —NBPH"'NB Py ™H=TH, "H=DPH " TH, (3.9)
0 0

which are valid up to O(k?) for practically all concentrations [v»4 up to O(k®) for
moderate and large values of NB/N2]. These equations are so arranged as to be of
an appropriate form with respect to the boundary conditions for them at the
interface, to be given later in the next section. Equation (3.8d) expresses that a vapour
flows down its partial-pressure gradient when the concentration ratio is of order unity
or larger, but this will not precisely be the case when the ratio becomes smaller and
smaller, as will be seen in §6 (see also Onishi 1984). Note also that 7y = 7§ = 78, at
least up to the present stage of approximation.

It should be noted that the well-posedness of the system of differential equations
is in general lost in the reduction such as the one from (3.4) to (3.8) when the system
involves higher-order derivatives in its inhomogeneous terms (see e.g. Cercignani
1975; Sone 1984). The present linearized system of equations, however, is clearly not
such a case.

4. Knudsen-layer analysis and macroscopic jump conditions

Now we shall consider the rapidly changing part of the solution within the Knudsen
layer near the interface so that we can obtain the complete solution to the present
boundary-value problem. This part of the solution is called the Knudsen-layer
(correction) part, and will be sought in the form of a correction to the fluid-dynamic
part, i.e.

f=Fa®)+fcm) with g="21%, (t.1)

where f stands for any one of the perturbed quantities of interest, and the fluid-
dynamic part fy; has already been worked out in §3. ,(= 1) appearing in a stretched
coordinate # is introduced to indicate explicitly the terms associated with the
curvature of the interface. Since fy; has the nature of a correction to fi; within the
Knudsen layer, we must demand that

Jx—~>0 (sufficiently rapidly) as#-—>oc0. (4.2)

At this stage, we immediately find that d[(r, + k7)2v§]/dy = 0 from (2.13a), and the
unique solution subject to (4.2) is

vi(n) = 0. 4.3)

Now assuming again that NJ/N2 is of order unity, we also seek the Knudsen-
layer-correction part in the expansion form in £,

fK =fK0+kal+k2fK2+ ceey Wlth fKO = O. (4.4)

The above expansion starts from O(k), because, to order &°, the fluid-dynamic part
of the solution fy, can satisfy the given boundary condition and therefore the
Knudsen-layer-correction part of this order, f,, does not exist.

Direct substitution of (4.1) with (4.3) and (4.4) into the original equations (2.1) and
(2.2} yields the following equations for (p%m m=1,2,...),

g, i

a
a,” +(pfA(m = ni\(m + (£2 —%) (Tﬁm + 2/‘A /"Bl__'_l;:; (Tgm - Tﬁm))

1 m—1

l
L8 - 11(L) 2rnaa] @5)
*

Tw =0
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a
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where Q*[(pﬁ(] (£2— &aqj‘ + (& cot 0—E, &) aqj( (Eg€y cotO+£,.£) aqj(

Now the conditions at 9 = 0 for ¢f;,,, up to m = 2 become, for £, > 0,
(PfA(m = (p%lm—(PléIm

= (p\ANm _pi\Im) - 2gr vﬁm + (gz —g) (TWm THm) + gr(gz _i) w
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with Piom = frwn —20M0 | €(@Rin+ o) B 4.9

Since equations (4.5) and (4.6) are one-dimensional ordinary differential equations
with respect to 7, we may be able to solve them for ¢f,, formally in terms of n§,,,
T%m and ¢§; (I <m) subject to (4.2), (4.7) and (4.8). Elimination of ¢, by
substitution of the resulting expressions for ¢%,, into (2.3) and (2.4) with ¢® = ¢,
gives rise to simultaneous linear integral equations for n§;,,, ¥§ (= 0) and 7%;,,. For
m = 1, these integral equations are

a,
“mxl =L I:nKl’TK1+2/LA/‘BT(TI%I Ti\n)]“("'%n_"'wﬂ [Je(n)—Jo(n)]
dra
+ofn (o) — 20, 0)]+ = [Ta(n) —12(m), 4.10a)
a
gn]"i\(l =L, I:nﬁl’ T%l +2ua 8 1 +12 (71%1"7?(1)]_ (T?—II_TWI) [Ja(m)—3J5(n) +3J,4(n)]
Qe

+vin{mi{Jy (1) — o] —2J5(n) + J, (77)}+ H° s —2J5(m)+3:(n)],

(4.10b)
“mm =L ["K1’7K1+2/‘A/‘B azza-lz-laz (T%I_T%I)il
— (= 1) WO~ To01+ 2 B8 (1,000, 0, (4.10¢)
iRy = Ly, o 2 s wﬁl—fal)]

1 d‘ri‘m

— (=) O~ 10,0 + 101+

[J5(8) —2J5(8)+ 27,1,
(4.10d)
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where { = a7, and

a,
PA — P = 5T — "W1)"‘7‘"’H1_2j ["K1’7K1+2/‘A/‘BT("K1 7?{1)} (4.11a)

PR P8 = Hrh =) =21 B Bt B e B R (@1h)

2
Ay +ay,
The fluid-dynamic parts, which entered into the above equations through (4.7) and
(4.8), are all evaluated at r = r, (orp = 0). L;, L, and £, are integral operators defined

by

L1["7 T] = J:o {nJ—l(M_”0|)+7[J1(|77_770|)_]2“‘]—1('77_ﬂol)]}d%"'z‘]o(’?)jl[n, 7],
(4.12a)
Ly[n, 7] =L (LTI —70)) =W 1 (17 =101+ al 17 =70 ])

—J1ln—m01) +3J_1(|n—mo )1} o+ 2[5 (9) — 3T, ()1 F [, 7],  (4.12b)

and i1 = | T+ 700~ Ao (4.120)

where J,, is the Abramowitz function (Abramowitz & Stegun 1970; Sone 1964)
a0
Jp(n) = J " exp(—t2 —%) dt.
0

It should be understood that, when the integral operators are applied to (4.10¢),
(4.10d) and (4.11b), the argument # and the integral variable 3, are replaced by ¢
and {, respectively. Equations (4.11a) and (4.11b) are related to the integral
equations for v%, and vE,, which in the present case are identically zero, and are the
consequences of these integral equations evaluated at 4 = 0 [(4.115) can also be
derived from (4.9)]. These two equations have been used in the derivation of the set
of integral equationsin (4.10). 74, (evaluated at r = r,) isan as yet unknown constant
to be determined simultaneously with the set of functions n#,, 74&,, »E, and 78,
(actually, 74, is so determined that these functions vanish as 9 > c0). It is noted that
two types of small lengthscale over which the Knudsen-layer part varies are involved
in the above integral equations: [* and B, which lead to 9 and ¢ respectively.

The set of solutions (T, —Tw,), n&,, 7&,, n8,, 78,] together with (p4, —p4%,) and
(p8, —p%;,) may conveniently be expressed in the form

"ty Qp QP
il P Bl ' (4.13)
=7 .

Bl el 4 |eB)|

TR e er
A A M driy, M

THi —Twi = Vi dy +—g T dY, (4.14)
A A4 dTﬁo A

and P — Do = v CR + ar —C4, (4.15)
dr,

PR — PR = v OF + dr Ce, (4.16)
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mp/my NE/NY —d}! d! it d) gt

0.5 0.1 0.37962 1.38491 0.27987 —0.09508 1.02943
1.0 0.16248 1.64828 0.11843 —0.01526 1.45812

10.0 0.02434 1.81344 0.01758 0.00024 1.76436

1.0 0.1 0.40614 1.30272 0.30031 —0.12103 0.91049
1.0 0.22337 1.30272 0.16517 —0.06656 0.91050

10.0 0.04061 1.30272 0.03003 —0.01208 0.91051

2.0 0.1 0.42243 1.28230 0.31287 —0.13147 0.88222
1.0 0.284 36 1.16551 0.21236 —0.10957 0.72909

10.0 0.06718 0.97928 0.05070 —0.03350 0.51473

TABLE 1. k,, = Kgg = Kpp

with
O;‘ = thd}[—né—2fll:9£’ @£+2ﬂAIuBIZ_;Z(94B—Q£):| ’
12

[ a

CB = 1dM—27, | 2B, 9?+2ﬂAﬂBﬁ(9?—@?)]’
L 22 21
[ a

Of =44l =24, | O}, 62+ 2uspn 2 (9?—91‘)],
L 12
[ a

CB = 1dM—2.5,| QB, @?+2ﬂAﬂBﬁ(99‘@?)}
L 22 21

where QF and 6% (i = 4, 1) are rapidly decreasing functions of %, and d} and Cf are
constant, d}' being determined simultaneously with 25 and 6. The set
[dM, Q4 OF, QP, OF] of course satisfies the set of equations (4.10a)—(4.10d), with
inhomogeneous terms proportional to vf;, for i = 4 and to drf},/dr for i = 1 in each
equation of (4.10). These functions and constants depend only on the concentration
ratio and the kind of substance of the two component gases, i.e.

B
mg Ng

KaB KB /
, —r, , —=. (4.17)
my’ Ng' Kpa

Kaa Kaa
The solution [d}, Q&, O}, QB, ©F] can be obtained fairly accurately by the refined-
moment method of Sone & Onishi (1973) [see also Sone & Onishi 1978 for the

correction of the misprints). In applying the method, we have expressed each function
in a series expansion in J,, of the following form

N
(Qp 6p, 28, 08= % [4,,B,,C,, D,1J,(2) (4.18)
n=0
for & > 1
ith =47 ’ .
b ‘ {m) for a < 1, (4.19)

where 4,,, B,, C, and D,, are constants which depend on the four parameters above.
The convergence of the solutions with N was good and we could obtain the solutions
correct to 5 or 6 significant figures for dM, and to 4 or 5 significant figures for both
the functions and C}. Some numerical values of (dM, C2, CB) for N = 13 are listed in
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mg/my NO/NG  —CF ct ce -c? c

0.5 0.1 2.12144 0.56943 0.81445 0.38900 0.70068
1.0 2.08244 0.60929 0.79152 0.44144 0.83392

10.0 2.05290 0.63892 0.77486 0.47976  0.92988

1.0 0.1 2.12412 0.55844 0.81631 0.38466 0.66303
1.0 2.08851 0.55844 0.79585 0.43086 0.66304

10.0 2.05289 0.55844 0.77539 0.47705 0.66305

2.0 0.1 2.12652 0.55444 0.81782 0.38152  0.65243
1.0 2.09747 0.53318 0.80145 0.41948 0.59516

10.0 2.05812 0.50384 0.77832 6.47218 0.51372

TABLE 2. ky, = Kpp = Kap
mg/my NP/NG  —CP ct ce c? 3

0.5 0.1 0.07444 0.71254 0.04500 0.13572  1.02732
1.0 0.03482 0.75403 0.02059 0.06221 1.19018

10.0 0.00556 0.78410 0.00323 0.00977 1.30475

1.0 0.1 0.07915 0.55844 0.04547 0.10261  0.66295
1.0 0.04353 0.55844 0.02501 0.05643  0.66295

10.0 0.00792 0.55844 0.00455 0.01025 0.66296

2.0 0.1 0.07856 0.45178 0.04323 007753 0.46474
1.0 0.04924 0.43084 0.02763 0.04905 0.41682

10.0 0.01053 0.40264 0.00605 0.01063  0.35026

TABLE 3. Ky, = Kpp = KaB

tables 1-3, and a graph of (24, 2 QF, @F) is shown in figure 1 for M = 2.0,
NP/N3 =0.1, kyp = Kpp = kpp- ' and C5 may be called the jump coefficients
of temperature and partial pressure respectively. Conditions (4.14) and (4.15)
give the appropriate boundary conditions for the set of equations in (3.4) with
m =1 at the interface for a not so small concentration NB/NA. v4, in these con-
ditions may be replaced by —[(1+a,,)/(2up a,,)] (dpf,/dr), from (3.4¢). Note that
[d}t, CA, Q4, OF, QB, @F] here corresponds to [d;, C;, 2;, ©,] for the pure-vapour case
{Sone & Onishi 1978, where the superscript * is attached for ¢ = 4), and in the limit
NZ/Ny~>0[d¥, C2, Qf, O] becomes identical to [d;, C;, 2,, ©,]. In addition, QP and
©P in this limit are not zero, but satisfy a set of integral equations of a different type
having inhomogeneous terms involving d! and @#. It must be mentioned that
exactly the same type of integral equations occurred at any order of k in the two-surface
problem of evaporation and condensation studied by Onishi (1984), although the
details are omitted there owing to the limited space. Some values of d and C (= CM
in his notation) and the graphs of 2% and & are also found there (for N = 9).

Now we proceed to the next-order approximation in k& (m = 2). We have actually
obtained the integral equations for the set [(78,—Tw,), n&s, T8s 7R, TH,] and the
two expressions determining (p4, —p%,) and (ph,—p%,) respectively. This set of
integral equations is extremely complex in that, although the homogeneous parts are
exactly the same as in (4.10), the inhomogeneous parts involve various types of
integrals of the functions (23, O, QB, ©B) studied earlier in addition to simple J,
functions. Therefore, we have to omit these equations, jumping directly to their
solutions. As was done for the first-order approximation (m = 1), the present
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solutions are decomposed as

A A
K2 2
A A
TKe A 0y
= VH2
B
nKz 2
B
TKe o,
A —
T2~ Twz =
A _ A
and Puz2—DPwe
B _ ,,B
Puz— Pw:

QA QA QA
Larhy | 07| odof, |65 2, [OF) 2 drh,
dr | @B dr |@B| r, ™ QB| 7y dr
eB oB oB

vd, dM+ d”'m dM+2 d”Hl aM— 2 A dM+___ 2 drgy, aM,
#

dr _Um dr
drd dovd 2 2 dra

= ol O+ g Oh 20 00— o, O 4 = 00,
dré dovd 2 2 dr4

= A (B4 STH10B Hi1 B B Ho B

= vl O + 52 CP+2 501 0 — "oy, CF+ = Se 0

2
&3

'Q?

ey
(4.20)

(4.21)
(4.22)

(4.23)
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where C$ (¢ = 5, 6, 7) are constants to be determined by the present st of solutions
(@M, Q4, Op, QB, @P) (i = 5, 6, T) together with the solutions studied a, the first-order
approximation.

We could obtain a solution for [d), C2, OB, Q&, 04, QB, O8] as accurate as those
studied earlier. For the remaining two sets, the convergence was r.ot so good because
of the complex structure of the inhomogeneous terms involving integrals of the
solutions in the previous stage of approximation. However, as far as the temperature-
jump coefficients dM (¢ = 7, 5) are concerned, 3 significant figures are reliable. We have
also listed some of the numerical values of (@M, 07, CB) (v = 6,7,5) in tables 1-3 and
plotted the Knudsen-layer-correction functions [Q#, O3 QB, 6B) (i=6,7,5) in
figure 1. The appropriate boundary conditions for (3.4) with m = 2 are now given by
(4.21) and (4.22) for not so small NB/N2&. It may be noted that the decomposition
in (4.20)-(4.23) is not unique; actually the term proportional to dvfj,/dr can be
incorporated in the term vfy, /7, through (3.4a). However, we leave it as it is because
it corresponds to [dg, C4, 24, @] for the pure-vapour case (Sone & Onishi 1978). In
addition, [dM, CA, Q#, 02, @B, O8] corresponds to [d,, C;, 2,, ©,] for the pure-
vapour case studied by the same authors, and [d}, Q2, ©2, QB 68 to [d,, Q,, 6]
for the heat-conduction problem of a single gas (Sone & Onishi 1977 ; Onishi 1979).

Now multiplying (3.6) by °, (4.13)—(4.16) by k and (4.20)—(4.23) by k%, and then
summing, we finally obtain the appropriate boundary conditions for the macroscopic
equations in (3.8) at the interface and the Knudsen-layer corrections near it. Some
rearrangements of these expressions then give as the boundary conditions appropriate
for (3.8a) and (3.8b):

A_ oA A A A A A A A [OA
PE=PW|_ A Cy ] drg [Cl :l dogy [Co ]_ 2 4 [07] 22 drg [05]
l: :l e l:d}f +k dr L dM +2k dr [d¥ kr,., e M +h re dr [aM¥

A —Tw
(4.24)
at the interface (r = r, = 1), and as the Knudsen-layer corrections
K Q4 ~ QAT QA " QA7 24
ks e; e 6; o7 6;
2 I o B S R B T o R I RS R U S R
nB = v{ QB +kW QP +2kFr_ o —kaH QP +k v dr e |
R Ch ey 67 67 67
| pB Nips | 118 ] LITB | 7B ] | 78
(4.25)

near the interface, where p§ (= n§; + 7%) has been included for possible later use, and
IE, = Q$+ 6% (i =4, 1, 6,7, 5). The partial pressure p§; due to the molecules of gas B
reflected from the interface is to be determined from the condition

dr
after the fluid-dynamic part of the solutions has been found. It is noted that »fy in
(4.24)-(4.26) may be replaced by —k[(1+a,,)/(2u45a,,)] (dpf/dr)], -, from (3.8d).

When the concentration ratio N2/N3 becomes small, smaller than O(k), the above
expressions become no longer valid up to order k%, because terms of order &? associated

d A A
P8 =pB—vh Pk on_ o Wi omy 2 ace_ 29T (4 o
dr Tw ry dr

x



Spherical droplet in a vapour—gas mixture 185

with higher-order derivatives of v, which were neglected in the present analysis, may
come up to order 2. In this case, the temperature and partial-pressure jumps and
the Knudsen-layer structures appear at order k° (continuum limit) (cf. (3.6) and (4.4)).
In the limit N2/N2& -0, the above expressions coincide exactly with the results for
spherically symmetric cases derived from the general theory for the pure-vapour case
(Sone & Onishi 1978).

So far we have derived the set of the macroscopic equations (3.8) and (3.9) and
the appropriate boundary conditions (4.24) (see (5.6) for the continuity condition of
energy flow across the interface, if required) together with the Knudsen-layer
corrections (4.25) from the kinetic-theory analysis.

5. Heat and energy fluxes

In addition to the results in §3 and §4, it will become necessary to have available
the formulas for the heat and energy fluxes. Let ¢5= P$(2R,T;)i@° and
q = P,(2R, T,:@ be the heat fluxes for component-S gas and for the mixture
respectively. Then @4, @B and @ are defined as

A B
= [e@-pormas or=[Lp-yopRas Q=T+ 1@ G

The fluid-dynamic parts of @* and @® are derived from the application of (3.2) and
(3.3) to the above definitions with ¢° = ¢&;,,. Summing all the contributions, we
obtain for Q¢ and QE, and then for Qy:

drd 1 dr4
A _ _ 5 H 2'H
H ik dr’ O = aMz dr’ (5.2)
NA NB 1 \drgy T, ™ dr
_5 H__ZIo ’H
Qu = k(N N, aMz) ar ~ L P@R,Tf ar (5-3)

which are all valid up to O(k®), where AM is the thermal conductivity of the mixture.
Note that the above formulas are simply the Fourier formulas for heat conduction.
The Knudsen-layer-correction parts, on the other hand, can be calculated with the
use of (2.13¢) and (2.14¢) with ¢° = ¢k, and here is listed only @y, the heat flux for
the mixture,

QKI = 0, QK2 = 0, QK3 = 0, can s (54)
With these quantities, the energy fluxes are readily obtained as
A B A

HS = Q5 +15, H—%HA ?\’, Q+5N (5.5)

where hS = PS(2R, T, )t H® represents the energy flux for component-S gas, and
h = Py(2R, T,): H for the mixture.

Incidentally, we note that the condition of continuity of energy flow across the
interface is expressed as

k[NA NB 1][£d1 dTH] N o a__ P
N, N, a2 dr ar] N, Tm. N,

atr=r,(=1), (5.6)

where T' = Tj(1+7) denotes the temperature field inside the condensed phase and A€
its thermal conductivity. In some problems, when the temperature of the condensed
phase cannot be considered constant but a function of , the above condition should
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be supplemented in the analysis in addition to (4.24). Note that Ay, = yR, T} is the
difference between the enthalpy 2R, 7, (per unit mass) in the vapour phase and
that in the condensed phase.

6. Results for the droplet problem

We now consider the spherical-droplet problem posed in the introduction, and find
explicitly the velocity, temperature, pressure and number-density fields. Let the state
at infinity be taken as the reference state. Then

T,=T, P5=P%, N =N, (6.1)
where N5 = PS /(kT, ). With this choice, the conditions at infinity now become
pA>0, 750, p->0, asr—>o0, (6.2)

which supplement the boundary conditions (4.24) at r = 1. The fluid-dynamic part
subject to (4.24) and (6.2) is immediately obtained from (3.8) as

F F
Ph= b h=Trw Pu=0. vh=kagph, ©.3)

other relevant quantities being given from (3.9) and (2.16), where 4 = (1+a,,)/
(2p5 @,5), and F and @ satisfy the following relations

[Z: :] = —kAF[gj—ka [gﬂ (6.4)

_CP+2kCP
===,
8, = I'[—dM+2k2dY +dM)], S, =dM+2kdM,
PP T PP
Tw P& Tw—T,'
If P2 is the saturated-vapour pressure at T, I" becomes equal to y[= &, /(R, T,)],

a material constant of gas A (see (2.12)). From (6.4) the explicit expressions for ¥
and G become

with
S, = —C{+2k(200 + CP), S,

_ 1+k(S,—S,)
T 1+ k(A4S +8,)+ k2A(S,8,—8,S;)’

B 1+ kA(S, —S,)
1+ k(A8 +8,) + 124(8,8,— 5, 8;)
(6.5)

valid up to O(k?) for moderate and large values of NE/ N4 and up to O(k) for its smaller
values.

The distributions of various quantities around the droplet after the Knudsen-layer
correction has been made are:

F G

vA = vl = kA T—F;p%v, (6.6)
A
= MvA, (6.7)

P
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L = g—kAFF{—@},“(z) + 2K[20M(2) + OM(2) ]} — kG{OM(z) + 2kOM(2)}, (6.8)
W
p* _F A A A | -
})T = 7—kAF{—H4 (2) + 2k[ 21T (2) + 11} (Z)]}—kGf{Hl (2) +2k17§‘(z)}, (6.9)
W
pB PAF B B B | P B
P_ev =—pB 7—k/1F{—174 (2) + 2k[ 21T (2) + 1T (z)]}—]cG—I;{IT1 (2)+2kI13(2)}, (6.10)
p _ Ny p* NZ PP
2 _Nopt Nop® 6.11
pw  Nopw Nopw (©.11)
,nA _ 1 pA A)
nB 1 p® 1B
o e U] (1)
n NAnpA NB 4B
L _le® 0 6.14
"~ N N, nh 614

where z is defined in (4.19), and
Po =My NA+myNB and OM = (NAO)+NEOB)/N,.

75/7y is obtained from (6.8) with the replacement of @M by ©$. Samples of the
temperature, pressure, and number-density distributions of the mixture are shown
in figure 2, and the partial pressure and number density of gas B in figure 3. As can
be seen, the pressure of the mixture is uniform except in the Knudsen layer, which
is also apparent from (6.11). In figures 2 (a,b), the negative-temperature-gradient
phenomenon is observed for small concentrations. The critical condition for this
phenomenon to appear is given by the value of I', and is obtained by setting dr$/dr
or G equal to zero as

r - 1+ kA[—C 425202 + CM)]
T kA[—dM+2k(2dM +dM)]

(6.15)

For I' larger than I',, the temperature gradient of the mixture (and its component
gases) is always negative in the sense that it is opposite to the gradient which would
be established by the maintained temperature difference between the droplet and at
infinity. In the limit NB /N4 -0 (pure-vapour case), I, becomes

A A A M M
r,= %& {1 —k(‘*CGCZ\ZC’ _ g d;fd’ )+0(k2)}, (6.16)

which isidentical to that calculated from the result of Sone & Onishi (1978). We notice
in figure 3 that, as N2 /N4 becomes small, the inert gas forms large pressure and
(number-)density gradients because its molecules are driven away from the droplet
for evaporation (p§, > 0) and driven toward it for condensation (p4; < 0) owing to
the collisions with vapour molecules. It should be mentioned at this point that the
dependence of the pressures of the mixture and its component gases on I is
insignificant, and practically zero in the graphs.
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F16UrE 3. Partial pressure and number-density distributions of inert gas B.mg/m, =2.0,k=0.1,

KAA = Kap = Kpp-
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Now, with the above results, the mass flow 7, heat flow § and energy flow A from

the droplet are given as follows:

A __ pA
—— =my NA(2R, T ) IEPA—R'E kAF,

[e2]

4rL?
A ——é—+i(2R T )4 (PA—PAYEAF
4ul?  4qml? PTTATeI VW T ’

where the formulas for heat and energy fluxes in §5 are used.

(6.17)

(6.18)

(6.19)

7-2
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We shall examine now F and G for various concentrations. First let N8 /NA ~ O(k™)
withn=1,2,3,...; then 4 ~ Ok ™), F ~O0k"1), G~ O(1) and kAF ~ O(1). We
see from (6.17) that the mass flow is directly proportional to the difference between
the saturated-vapour pressure at T\ and the vapour pressure at infinity. This is
qualitatively the same as in the pure-vapour case, and the present mass transfer may
be said to be controlled by the kinetic effect. In the limit N2 /N4 -0, we obtain
from (6.5)

kAF = ao—k<a3+a—1_2,)+..., G=1-Ta,—k(a,+Ta;)+..., (6.20)
with
1 403 +2C0} +C1 dYf
a = —gx = 0469035, a,= . (0})2 4 =0.50,
CA dM
a, = _(TA =0.261926, a, = E = 0.209541,

a, =d¥+a,d)! = 1.185700, a; = a,d¥—a,dM +a,(4d¥ +2dM1) =

The solution in this limit reduces to that given by Sone & Onishi (1978) for the
pure-vapour case, where the definition of the a,’s is the same. For later use in the
graphs, we write explicitly the mass and heat flows for this limiting case:

: A A
i = A VAR, T ’”%[“0"“(“3*%)]’ (6:21)
4;’& =M TW;T“’ [1—Ta,—k(a,+ ay)]. (6.22)

Next let NB/NA ~ O(1/k™) withn=0,1,2,.... Then 4 ~ O(1), and F and @ are
also of order unity, reducing to

F=1—k0§})—k20§,2)+..., G=1-kCP—k2CP+..., (6.23)
with
cA cp A
C;,l) = ACA+T, C;f) = AC? Cg}) ( )C&J+A 4CA+2CA)+¥

OP = —ATd¥ +d¥, CP = ATdM CP —dMCP + AT (4d¥ +24dM) + 24

Since kAF ~ O(k), we note that the mass flow in this case is smaller than that in the
previous case by a factor of k£, and we may express (6.17) as

m__ Dyg Ny Py—Pg

4nl* R,T NB L

[1—kCP —R20P + ., (6.24)

by the use of the relation (2R, T ): LkA = (N, /N2) D,5. The mass transfer in this
case is proportional to the gradient of vapour pressure and depends on the diffusion
coefficient, the ability of the vapour to diffuse through the inert gas. In the continuum
limit (k-0), (6.24) agrees with the one given by Shankar (1970), and this gives
Maxwell’s result modified by a factor N/ N2 . It is noted that the solutions with (6.23)
are also obtained from (3.4) subject to the boundary conditions (3.6a), (3.6b), (4.14),
(4.15), (4.21), (4.22) on the interfacc and (6.2) at infinity.

Figures 4 and 5 show the graphs of m/m, and 4/, respectively, for practically
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Ficure 5. Heat flow versus concentration. my/m, = 2.0,
Kapn=Kag=Kgg- (@) '=11.(b) "' =3.

all concentrations. It is clearly seen that figure 4 confirms what is stated above. In
particular, figure 4 () shows that when NB /N4 increases from O(k) to O(1), the mass
transfer, or 7/m,,, drops sharply from O(1) to O(k). In the limit N8 /N4 — co,t vapour
flow is determined by frequent collisions with inert gas and is less affected by them
when the vapour molecules are heavier (see figure 46). In figure 4(c) m/m,,, with m
given in (6.24), is plotted to show how the solution at each stage of approximation
in its expansion form of k£ behaves as the concentration of inert gas decreases. Note
that the discrepancy in figure 4 between unity and the value of 7/m,, in the limit
NEB /N4 0 is of order k? because 7, is valid to order k and so also 7 in this limiting
case. As for the heat flow, it is negative for I larger than I', since it is proportional
to the temperature gradient (see (5.3)). Figure 5 (a) is one of these cases, and § changes

t This does not mean the complete absence of vapour gas. Vapour gas may exist (enough to
satisfy the Boltzmann equation) but if so it does not affect the behaviour of the inert gas at all.
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from positive to negative as a result of the change of sign of the temperature gradient
as NB /N decreases (note that ¢, in this case is always negative). Figure 5(b), on
the other hand, is a case in which the negative temperature gradient never occurs
at any concentration.

Finally, we note that the present problem reduces to a simple heat-conduction
problem for a sphere immersed in an inert gas mixture by formally putting F = 0.
Then from (6.4) we have

1 _ k(C}+2RC2)

C=i¥ms, 1= 1+4S,

(6.25)

the latter now determining p4, the pressure for inert gas-A molecules reflected from
the surface of the sphere (this corresponds to (4.26)).
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